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Abstract
In Rindler space, we consider the Feynman Green's functions as-
sociated with either the Fulling-Rindler vacuum or the Minkowski
vacuum. In Euclidean eld theory, they become respectively the Eu-




whose we give dierent suitable
forms. In the case of the massive spin-
1
2
eld, we determine also the





forms. In both cases for massless elds in four dimensions, we com-
pute the vacuum expectation value of the energy-momentum tensor




We consider a Rindler observer in an n-dimensional Minkowski spacetime



























This coordinate system covers only a part of the Minkowski spacetime. The
line given by  = 1=g and x
i
= 0 corresponds to the world line of the Rindler
observer undergoing a uniform acceleration, g.
The free quantum eld theory in Rindler space has been initially investi-
gated by Fulling [1], Davies [2], Unruh [3] and also Candelas and Raine [4]
and Dowker [5]. Due to the existence of the event horizon located at  = 0,
the quantum eld theory described in the Rindler metric is not equivalent to
the usual eld theory in the Minkowski metric. The Rindler observer moving
in the Minkowskian vacuum sees a thermal bath of temperature g=2. We
use units in which c = h = k
B
= 1.
We recap briey the denition of the Feynman Green's functions in terms
of Rindler metric (1). Apart from the usual Minkowski vacuum j O
M
>, there
also exists the Fulling-Rindler vacuum j O
R
> which is associated with the
timelike Killing vector @=@
0
. Consequently, for a massive scalar eld of mass


































where T denotes the time-ordered product. We delete the factor i and futher-
more we choose to renormalise the vacua to one.


























in the coordinate system (; ; x
i
),  > 0. The properties of the Feynman
Green's functions in a static spacetime [6] imply that they can be deduced
by an analytic continuation from the Euclidean Green's functions. In the










These Green's functions have already been considered in previous works
but in the present paper we use the methods that we introduced in the
analysis of the Euclidean Green's functions in the spacetime describing a





in order to straightforwardly compute the vacuum expectation
value of the operators relative to the Rindler observer.
The plan of this work is as follows. In section 2, we determine the Eu-




. We give dierent forms of the expres-
sion for G
1




which is valid for point x near x
0
is obtained. We obtain the Euclidean









valid for point x near x
0
. We compute in section
5 the vacuum expectation value of the energy-momentum tensor relative to
the Rindler observer for a massless scalar or spin-
1
2
eld in four dimensions.





sponding to an arbitrary temperature 1=.
2 Scalar Green's functions
The Feynman Green's function 4
R
is easily constructed from the positive-
























































, in the limit ! 0.
The Feynman Green's function, 4
M
is calculated from the development
of the creation and annihilation operators associated with the Fulling-Rindler
vacuum on the Minkowskian creation and annhilation operators ; Spindel [9]
3













































in the limit ! 0.
The Wick rotation (4) applied to expressions (6) and (7) yields the fol-







































































































































is periodic in the coordinate  with period 2.
Within Euclidean eld theory, one must impose that the manifold dened
by the metric (5) is regular. Hence, we require the coodinate  to be a peri-
odic coordinate ranging from 0 to 2. Thus, it coincides with the Euclidean
space. The Green's function G
2
is now the ordinary Green's function in an















in which the dependence of the space coordinates is not indicated. In the
quantum eld theory at nite temperature, we can thus interpret G
2
as the
thermal Euclidean Green's function [11, 12, 13] with respect to G
1
which is
the zero-temperature Green's function. Considered in the spacetime (1), the
periodicity of G
2
in the coordinate 
0
is an imaginary period i2=g. This
is the origin of the thermal character of the Minkowski vacuum perceived by
the Rindler observer at temperature T
0
= g=2.
The vacuum expectation value of the operators relative to the Rindler
observer is obtained from the Green's function G
2
, but the renormalisation
is performed by removing the Green's function G
1
. As in the Casimir eect,
G
1
plays the role of the local Green's function and G
2
the global Green's
function [10]. In a symbolic manner, we write








where O is a dierentiel operator in x and x
0
.
3 Determination of G
1
We now search expressions for the Green's function G
1
which are more
suitable than that given by equation (8). We start from n = 2 because we


































for n  3.
3.1 Integral expression of G
1





























































































































































































































































and so on as in [8]. We emphasize that (16) can be explicitly integrated in
























which agrees with the result of Troost and Van Dam [14].
3.2 Local expression of G
1
As explained in section 2, the calculation of the vacuum expectation value
is performed in the coincidence limit x = x
0
. According to the formula (12),




for point x near point x
0
. We anticipate and we say
that the required subset of the Rindler manifold is dened by the condition
j    
0
j<  (18)
satised of course when x tends to x
0
.





















































Due to the identity
sinh() exp(  ) = cosh[(   )]  cosh( ) exp( )






























d cosh[ j    
0
j] exp( ) cos(u) (19)
7
in which the integral converges under assumption (18). The -integration in















































(u;    
0
) (20)
where the function F
1
(u;  ), which is well dened everywhere, is given by
F
1
(u;  ) = 2[ 
 +  







































































































and so on as in [8], again in the subset































4 Spinor Green's functions
In the quantum eld theory for a spin-
1
2
eld in the Rindler spacetime, the
Rindler observer also sees a thermal bath of temperature g=2 [15, 16, 17]. It
is possible to use the Euclidean approach and in particular the theory at nite
temperature in which the Rindler manifold is regular. In this framework, we





in a vierbein well dened as that associated with the Cartesian coordinates,


























In this interpretation, S
2
represents the nite temperature spinor Green's
function at the temperature T
0
= g=2 and S
1
the zero-temperature Green's
function. We point out that S
2
is not the ordinary spinor Green's function
S
E





However in metric (5), we denes another vierbein e

a














a = 2; :::; n (26)
The spinor connection  

















= 0 i = 2; :::; n (27)
Taking into account the transformation laws of the spinor components, the





. With this choice of vierbein, condition (24) takes the


























In n dimensions (n  2), we have determined in a previous work [18] the
spinor Green's function satisfying (28) in the notation S
(n)(T )
for the value










































































is the scalar Green's function given by expression (8) in section









































From relation (32), we deduce the property (29) which corresponds to the
fundamental property (25).
As in the case of the scalar eld, we calculate the vacuum expectation





limit. In a symbolic manner, we write












is a dierential operator in x and x
0
.




which is valid for a point x in the neighbourhood of x
0
















Taking into account the formulae (30) and (33), we can thus obtain the





















In a previous work [8], we have obtained in an arbitrary number of dimensions





























in four dimensions. We
recall the expression for G
(4)(T )
2































(u;    
0
) (35)
where the function F
(1=2)
1











cosh u+ cos 



































(u;    
0
)] (36)

































(u;    
0
)] (37)
which is, of course, valid under condition (18).
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5 Vacuum energy-momentum tensor (n = 4)
We intend to compute the vacuum expectation value of the energy-momentum
tensor relative to the Rindler observer in the coordinate system (; ; x
i
) with
the help of formulae (12) and (34). Since Rindler space is static we can then





) by using the Wick rotation (4).
We remark that we can also express these results in terms of a local









for the value T
0




5.1 Case of the scalar eld
At rst, we calculate the mean-square eld < 
2

































































































































with  the parameter of the scalar eld theory under consideration. The
application of formula (43) leads to well dened integrals. As an example for
a conformally invariant scalar eld, i.e. m = 0 and  = 1=6, it is possible to










diag:( 3; 1; 1; 1) (45)













which gives a positive vacuum energy density according to the signature of
metric (1).




















where the temperature T is given by (38).
5.2 Case of the spinor eld


















































The application of formula (48) leads to well dened integrals.
We conne ourselves to the case m = 0 in four dimensions. We examine













































































































































diag:( 3; 1; 1; 1) (52)
since it must be traceless and conserved. Our result (52) does not agree with
the one due to Candelas and Deutsch [15] and Dowker [19].
6 Fields at an arbitrary temperature









When  = 2, G











A transcript of our results [8] on the scalar Green's function for a massive
scalar eld in the spacetime describing a straight cosmic string enable us to
determine G

. We must set  = B' and  = 2B in our formulae. We




given by Dowker [20].
We have in particular found a local form of G

which is convenient when




























diag:( 3; 1; 1; 1) (54)
When  = 2, we nd again the energy-momentum tensor (45).
The Euclidean spinor Green's function S

is antiperiodic in  with period
. Likewise, a transcript of our results [18] on the twisted spinor Green's
function for a massive spin-
1
2
eld in the spacetime describing a straight
cosmic string enable us to determine S

, or more precisely S

in the choosen
vierbein. We must set  = B' and  = 2B in the expression for the twisted
















































]diag:( 3; 1; 1; 1) (56)
where w
4









































where the parameter  is the fractional part of 1 =4 such that 0   < 1.






































We have to take the limit of expression (57) when  tends to innity. We










For  = 2, by combining (59) and (60), we recover (52) from (56).
7 Conclusion
Within the Euclidean approach to scalar and spinor eld theory, we have
explicitly determined the Euclidean Green's functions in the Rindler space-
time. Our results enable us to compute straightforwardly the vacuum energy-
momentum tensor relative to the Rindler observer, in particular for massless
elds in four dimensions.
However, in the latter case for a spinor eld, we have found an expression
(52) for the vacuum energy-momentum tensor which is dierent to the one
derived by two authors in previous papers [15, 19, 21].
Acknowlegement
I thank Dr L.A.J. London for reading the manuscript.
16
References
[1] Fulling, S.A. Phys. Rev. D 7, 2850 (1973)
[2] Davies, P.C.W. J. Phys. A : Math. Gen. 8, 609 (1975)
[3] Unruh, W.G. Phys. Rev. D 14, 870 (1976)
[4] Candelas, P. and Raine, D.J. J. Math. Phys. 17, 2101 (1976)
[5] Dowker, J.S. J. Phys. A : Math. Gen. 10, 115 (1977)
[6] Wald, R.M. Comm. Math. Phys. 70, 221 (1979)
[7] Linet, B. Phys. Rev. D 35, 536 (1987)
[8] Guimar~aes, M.E.X. and Linet, B. Comm. Math. Phys. 165, 297 (1994)
[9] Spindel, Ph. Quantication de systemes uniformement acceleres in
Journees Relativistes 1990 (Grenoble, 26-28 avril 1990) unpublished
[10] Brown, M.R. and Ottewill, A.C. Green's functions, states and renormal-
isation in Quantum structure of space and time ed. M.J. Du et C.J.
Isham (Cambridge, Cambridge University Press, 1982) p. 87
[11] Israel, W. Phys. Lett. A 57, 107 (1976)
[12] Christensen, S.M. and Du, M.J. Nucl. Phys. B 146, 11 (1978)
[13] Gibbons, G.W. and Perry, M.J. Proc. Roy. Soc. A 358, 467 (1978)
[14] Troost, W. and Van Dam, H. Nucl. Phys. B 152, 442 (1979)
[15] Candelas, P. and Deutsch, D. Proc. Roy. Soc. A 362, 251 (1978)
[16] Soel, M., Muler, B. and Greiner, W. Phys. Rev. D 22, 1935 (1980)
[17] Hacyan, S. Phys. Rev. D 32, 3216 (1985)
[18] Linet, B. J. Math. Phys. to appear [gr-qc/9412050]
[19] Dowker, J.S. Class. Quant. Grav. 11, L55 (1994)
17
[20] Dowker, J.S. Phys. Rev. D 18, 1856 (1977)
[21] Dowker, J.S. Phys. Rev. D 36, 3742 (1987)
18
